Supplementary Material for:
“Dual Principal Component Pursuit: Probability Analysis and
Efficient Algorithms”

May 19, 2018

1 Basic Notations and Definitions

The Dual Principal Component Pursuit (DPCP) problem refers

: | ¥T _
iy f(6) = | X701 st [bll2 = 1. (1)
For any b € RP and a linear subspace S with orthonorgonal projection Ps, the principal angle ¢ € [0, g]
of b from § is defined as cos(¢) = ||Ps(b)|[2/]|bll2. We also use § € [0, 7] to denote the principal angle of b
from the normal subspace S*. These two angels satisfy the relationship ¢ + 0 = 5. Note that b is a normal
vector of S iff § =0 or ¢ = 7.
We use sign : R — {—1,0,1} to denote the sign function as

. a/lal, a#0
sign(a) := { /0‘ | a i 0 (2)
A related one is the subdifferential Sgn of the absolute function |al:
allal, a#0
Sgn(a) = {[—/1| 1|} B 3

which is a set. We will also utilize sgn(a) to represent an arbitrary point in Sgn(a). Also define

).
(D=2)!' (2 Diseven, no Jk(k=2)(k—4)---4-2, D is even,
where k!! := 3.1

LT (D1, Disold, k(k — 2)(k —4) - , Dis old. (4)
Finally recall several quantities related to the inliers and outliers:
1
s 3 T o T
Camin = 77, min [XTb]1, cxmax = 5 max [lXTB], (5)
" min 07| - max O (6)
CO,min = 7, NN y  COmax ‘= 7, Max 5
©, M besp—1 ! © M besp-1 !
No = L max |gT(’) Sign((’)Tb)| Nx = 1 max }gTX sign(XTb)|
" M g,besP-1,g1b ’ " N g,beSnSP-1,glb
~ 1 T\ o T ~ 1 T\ 3 o T
o = 3 max, (I-bb )Osign (O b)”2, N =, mmax (I—bb )X sign (X b)H2. (7)
1
Mo ‘= — max max |gT(’)d|

M g,besP-1,g1b deSgn(OTb)

A simple relationship between neo and 7o is o < v/ D — 1ne. Similarly, we have x < v/d — 1nx. Because
of the assumption that the data points are in general position such that every d inliers and every D outliers
are linearly independent, we also have T < ne + min{M, D} < neo + D.



2 Proof of Theorem 1

We first repeat Theorem 1.

Theorem 1. Any global solution b* to (1) must be orthogonal to the inlier subspace S as long as

92 2
M \/770 + (co,max - C(f),min)
N CX min

< 1. (8)

To prove Theorem 1, we need the repeat the following result converning the critical points.

Lemma 1. Any critical point b of (1) must either be a normal vector of S, or have a principal angle ¢ from
S smaller than or equal to arcsin (M7e /Ncx min), wWhere e = neo + D/M.

Proof of Theorem 1. Let b* be an optimal solution of (1). For the sake of contradiction, suppose that b* f S,
i.e., its principal angle ¢* < 7. It follows from Lemma 1 that

: * Mﬁ@
< —1°
Sln(¢ ) - NCX,min

On the other hand, utilizing the fact that b* is a global minimum, we have

cos(¢*)Nexmin + Mcomn < gb*) < min  [|XTb]; = min  [|OTb|) < Mco max,
beSDfl,bLS beSDfl,bLS

which gives
M(CO,max - C(D,min)

*) < )
COS(QS ) - NCX,min

Combining the above inequalities on ¢* yields

M2(ﬁ%9 + (Co,max - CO,min)2)

1 = sin®(¢*) + cos?(¢*) <
N2c2X,min

But this contradicts to (8). O

3 Proof of Theorem 2

We first repeat Theorem 2 as follows.

Theorem 2. Consider a random spherical model where the columns of O and X are drawn independently
and uniformly at random from the unit sphere SP~1 and the intersection of the unit sphere with a subspace
S of dimension d < D, respectively. Fix a number t > 0. Then with probability at least 1 — 66’t2/2, any
global solution of (1) is orthogonal to S as long as

2 2
((1 )V + D) + (44 )2cD(log? D)M < ((2/7rd)N (24 t/2)\/N) , 9)
where ¢ is a universal constant that is indepedent of N, M, D and d.

The proof of Theorem 2 follows directly from Theorem 1 and the following results concerning different
quantities in a random spherical model.

Lemma 2. Consider a random spherical model where the columns of O and X are drawn independently
and uniformly at random from the unit sphere SP~1 and the intersection of the unit sphere and2 a subspace
S of dimension d < D, respectively. Fiz a number t > 0. Then with probability at least 1 — 6e~* /2

P [comin = cp = (2+ §)/VM| P [coma < cp + 2+ 5)/VM] | R

P[no S (141 (1+ VDlog (vVepD) ) VM| P [Nexmin = ca— 2+ 4)/VN] .,

where & < cp < 1 is defined in (4).

min ,

In what follows, we prove Lemma 2 by individually convering the four terms co min, €o,max, No and neo.



3.1 Preliminaries

Suppose Xi,...,X, are n independent and identically distributed (i.i.d.) random observations from a
probability measure P on a measurable space (X, A). Given a measurable function f : X — R, the empirical
process evaluated at f is defined as

Gnf = n (i > S0 - / fdP> : (10)

where [ fd P is the expectation of f under P and = > | f(X;) is called the empirical distribution. There
are several results concerning the supreme of G, f over a given class F of measurable functions.

Define an envelope function F' : X — R such that |f| < F for every f € F. The L,(P)-norm is defined as
£z, ey = ([ |f|"dP)*/". We need one more definition for the so-called bracket number which (informally
speaking) measures the size of a class functions F. Given two functions I and u, the bracket [I,u] is the set
of all functions f with [ < f < u. An e-bracket in L,(P) is a bracket [I,u] with [(u —1)"d P < €" (since
I < u, it is equivalent to say ||u—1[|z,p) < €). The bracket number Ny (e, F, Lo(P)) is the minimum number
of e-brackets needed to cover F.

Lemma 3 ( [1], Cor. 19.35). For any class F of measurable functions with envelope function F,

E S Jp(IF p2, F, La(P)), (11)

sup |Gy, f]|
fer

where Jy(||F'|| p2, F, L2(P)) is called the bracketing integral:

[1FLycpy

Jy(IFllycpy, F, L2(P)) :/0 \/log (Ny(e, F, Lo(P))) de. (12)
Lemma 4 (McDiarmid’s Inequality, [2]). Let Zi, ..., Z, be real-valued independent random variables. Let
f:R™ = R be a function that satisfies

sup f(zl7 Crt 3 Ri—15 R0y R4l ,Zn) - f(Z17 ceey Ri—1, qu;v Zi4ly ,Zn) S Ci,
21,0 ,2n, %)
for everyi=1,--- ,n. Then
2¢?
P f(Zl,"' 7Zn)_E f(Zh'" 7Zn) > el <2exp| — -—n 2 |-
D1 G

Lemma 5 (Rademacher Comparison, [3], Equn. (4.20)). Let F' : R — R be conver and increasing. Let

vi : R =R, i < N, be I-Lipschitz functions such that ¢;(0) = 0. Let &; be Rademacher random variables.

Then, for any bounded subset T in RN
N N
F sup 6,(,02(t1) S E|F sup 5iti . (13)
<(t1,t2,-~~ ,tN)eT; (t1,to, ,tN)eT;

Lemma 6 (Rademacher Symmetrization, [4], Thm. 1.1). Let F' be a class of functions f : R — R such that
0 < f(z) < 1. Lete; be Rademacher random variables. Then for independent and identically distributed
random variables Z+, ..., Z,, we have

E

n 1 n
E sup (n ;f(Zi) - E[f(Z)O <2E fepn ;51-]‘(21) ’ )
| sup (E[f(Z)] -=y f(Z») <28 sup 05 f(2) "




We also require a standard result about the covering number of the sphere. Denote by N, an e-net
of SP~1 if every point b € SP~! can be approximated to within € by some point &' € N.. The minimal
cardinality of an e-net, denoted by N (SP~1 ¢), is called the covering number of SP~1.

Lemma 7 (Covering Number of the Sphere, [5], Lem. 5.2). For every e > 0, the covering number of the
sphere SP~1 satisfies

N(SP, ) < (1 + i)D (16)

We finally require one more result converning the probability that sign(o™b) = sign(o™d’) when b is very
close to b’.

Lemma 8. Denote by B(b,e1) the set of points that around b:
B(b,e1) :=={b' €SP b—b|a<er}.

Let o € SP~1 be drawn independently and uniformaly at random from the unit sphere SP~1. For any
bcSP~! and e > 0, define

A:={oeSP ! :sign(o'b) =sign(o'b), Vb € B(b,e1)}. (17)

Then
—c D=2
< 67 )
P{OGA}N{CDDG%, D> 2.

where S means smaller than up to a universal constant which is independent of D.

Proof of Lemma 8. Without loss of generality, suppose b = e; which is a length-D vector with 1 in the first
entry and 0 elsewhere. When e; > 1, note that Plo € KC] <1 < cpDe2. The rest is to consider the more
interesting case that ¢; < 1. Toward that end, first note that for any b’ € B(b, ¢;), we have el b < 1 — ¢,
which further implies that sign(o?d’) = sign(o™b) when |o1| > €1. Let o1 be the first element in o, we then
have

P {KC} =P[{oeSP": IV €B(b,e),sign(o"b) # sign(o™b')}]
<P [{O c SD_l 101 € [—61,61}}]

To calculate the probability, we use the spherical coordinates. Denote o as [cos(61), sin(6;) cos(6z), - -,
sin(fy) - - -sin(@p—2) cos(@p_1),sin(61) - - -sin(@p_2) sin(0p_1)], where 01, ---0p_o € [0,7) and Op_1 € [0, 27).
Also let I, = foﬂ sin™(6) dd. When D > 2, let A be the area of the unit sphere. We have

b1 cos(f1)|dA
P [{O € SD_I 101 € [_51761]}] = fS Lilm | ( l)l

Jop—s dA
- QI;QOS(Q) cos(6r) sin”2(01) oL T 2f;§ﬁfos(q> cos(6) sin”~2(0) dg
L5 4 Ip—o
/2
2sin?~1(0
— (0) arccos(e1) _ 1-(1- e%)(D—l)/2
(D—1)Ip-2 (D—-1)Ip_»
Note that
2 1 1
(D - 1)ID—2 D -1 foﬂ sinD’Q(G) P
_ 1 D=2 1
D — 1 D — 3 foﬂ- SlnD_4(0) d9
_ 1 D—-—2 D—-4
" D-1 D-3 D-5
=Cp-



Then, we apply Taylor’s approximation to the term (1 — ¢2)(P=1/2 at ¢; = 0.

D—1)(1-22)"T (D —2)22—1)
1— 2)(P-1)/2 _ ( 2 3
(1—€?) +0-€ + 222 1) O€1+O(61)
D-1
—1- ==& +0()
< Dél.

Therefore, we have

P[{oc SP=t:o € [—e1,e1]}] = ﬁ (1= (1—)P=1/2)
<cpDéi.
The proof of D = 2 follows with a simialr argument. O
3.2 Bounding co min
We first repeat the result in Lemma 2 concerning co min-
Lemma 9. Let 01,...,0x be uniformly distributed on SP~1. Then for any t > 0

t\ 1
Pleomn <cp— 2+ =) ——| < 2exp(—t2/2).
[o, o ( 2)@] p(—2/2)

We first present a useful result for proving Lemma 9.

Lemma 10. Let 01,...,0x; be uniformly distributed on SP~1. Then

El sup <§:|bToj|cD>] <

[I6ll2=1 \ ;=1

M
El sup <cD—Z|bToj|>] <
[|b][2=1 i

j=1

g~ g

Proof of Lemma 10. Applying Lemma 6 using the class of functions F' = {fp : SP~! = R; fp(0) = |bTo|; be
SP=11, we have

sup (Zb OJ|—CD> SIE[ sup Zaﬂb oﬂ]

lIoll2=1 \ = [[Bll2=1
M
E| sup |ecp— Z 1bT o, sup Z€J|b ojl|.
l[b]]2=1 j=1 [1bll2=1 ;=
Next, we apply Lemma 5 with ¢;(-) =|-|, t; = bToj to get the further bound
9 [ M
E| sup Zej|bTo]\ <2E| sup Zsjb oj| = —=E| sup b,Zsjoj
18l12=1 5= l16ll2=1% M- el=1\ o
9 M 9 M
= ME Z{ijj S M ]E ZEJ'OJ'
=1 ) j=1 )
2 2 2
= M E M"';Eié‘jO?Oj = MVM = 7\/M’
where the second inequality follows by E[Z]? < E[Z?]. O



We are now ready to prove Lemma 9.

Proof of Lemma 9. First note that
M

Mco min = Hbi\r\lf (|b 0j| —cp)+ Mcep = Mep — sup Z cp — b oy).
2=1 [l6ll2=1 =5
j= j=

Applying Lemma 10, we have

sup Z cp —|b o]|)] <2vVM.

[1b]]2= 1

Applying Lemma 4 the same way as in proof of Theorem 11, we have

M
H”l sup Zch\b 0j]) > 2V M + €| < 2exp(—2¢%/M).
|

[b]2= 1

Therefore,

M
PlMcD— sup ZCD—|b 0j]) < Mep —2vM —e] < 2exp(—2€¢%/M),
lbll2=1 525

and setting € = tv M /2 we get

t
]P’[Mcomm < Mcp — (2 + 2) VM] < 2exp(—t?/2).

3.3 Bounding co max
We first repeat the result in Lemma 2 concerning co max-

Lemma 11. Let o4,...,0y be uniformly distributed on SP~t. Then for anyt > 0

t 1
Plcomax > cp+ (24 2 | ——=| < 2exp(—t?/2).
[o, o ( 2)@] b(~12/2)

Proof of Lemma 11. First note that
Mco max = sup Z |bT0,| — cp) + Mcp.
[1bll2=15=7

Since SP~1 is compact, there exists b* € SP~1 which achieves the supremum in the expression above. Then
for any vq,v2, -+ , v, v}, € SPT1 we have

sup Z 60| —cp) — sup (Zub%—cmﬂb%u—cn)

[|b]|2= 1] 1 ‘H2=1 j#k

(\b*Tv]w —cp) — <Z<|b*ij| —cp) + |b* )| — cD> ‘

i#k

= ||b* Ty — [p*Tol|| < 1.




Applying Lemma 4 with ¢; = 1 and using Lemma 10, we obtain

M
}P’[ sup Z(IbTOj| —cp) > 2VM + | < 2exp(—2¢2/M).

[16ll2=15=4

Finally, set € = tv/ M /2 to get

IP’[Mco,max > Mecep + (2 + ;) \/M] < Qexp(—t2/2).

3.4 Bounding cx min

The proof of the result concerning cx min in Lemma 2 follows similar argument as the one for co min in
Section 3.2.

3.5 Bounding 70

We first repeat the result in Lemma 2 concerning ne.

Lemma 12. Let 04,...,0y be uniformly distributed on SP~t. Then for anyt > 0
M
IP’[ sup Z sign(b”0;)g"0;| = (1 +t)VDlog (\/CDD) \/M] < 2exp(—t%/2). (18)
bgesPlblg | i

Before givin out the main proofs, we first preset the following useful result concerning the expecation of
No.

Lemma 13. Suppose o1, - ,0np, are drawn independently and uniformly at random from the unit sphere
SP=1. Then

M
El sup Zsign(bToj)gToj ] <VDlog (x/cDD) VM, (19)

b,gesP~1,blg |
where < means smaller than up to a universal constant which is independent of D and M.
Proof of Lemma 13. The main idea for proving Lemma 13 is to view
M

1 : T T
— sup sign(b”0,)g" 0;
v M b,geSP-1,blg Jz:; J J

as an empirical process and then utilize Lemma 3. Towards that end, define the set
F:={(b,g):b,gesS’ ! blg}.
We further define the parameterized function as
fo.g(0) :=sign(b"0)g" 0.

The class of functions we are interested in is F := {fp 4 : (b,g) € F}.
Note that for any fp» 4 € F (i.e., (b,g) € F), we have

E([fog(0)] =E [Sign(bTo)gTo} =0,



which together with (10) indicates that

M
Zsign(bToj)gToj = VMG fo,g,

Jj=1

where Gy fp.g is the empirical process of fp g.

To utilize Lemma 3, the rest of the proof is to show the corresponding bracketing integral is finite for
our problem. Since |fp g(0)| < ||o||2 for any (b,g) € F, we know F'(o) = ||o||2 is the envelope function of F
and ||F||p2 = 1. Thus, we only need to consider the the bracket integral .Jj(1, F, L2(P)), where P is now a
probability measure on the unit sphere. To that end, we first compute the bracket number Njj(e, F, Lo(P)).

Since our function fp 4 is parameterized by (b, g), covering the class of functions F is related to covering
the set F. For any fixed (b, g) € F, define the set of points that around (b, g):

B((b.g). )= {(0.9) €75 /[0 02t g~ < e}
Then, denote by
A= {o e RP :sign(o"b) = sign(o"b'), V (b',g') € B((b,g),€1)} .
When b is close to b, then A should cover most of 0. If o € A, then for any (b',g’) € B((b, g), €) we have
fo,9(0) = for.g7(0)| = [0" (g — g")| < llg — g'l|2l|o]|2 < 1.
On the other hand, if o € A, then for any (b',g’) € B((b,g), e1) we have
|fo.9(0) = for.g(0)| = 0" (g + g')| < llg + g'l|2]|0]2 < 2.
To summary, we have
|fo.9(0) = for g (0)] < €04 (0) + 204 (0), ¥ (b',g") € B((b,g), 1) (20)
We now define a bracket [I, u] by
l(0) = fp,g(0) — €104(0) — 204<(0),
u(0) = fv,g(0) + €164 (0) + 264 (0),

1, o€ A

where the indicator function d4(0) is defined as d5(0) = {O 0c AC

for all (b',g") € B((b,g),e€1). Also,

Due to (20), we have fi o € [I,u]

lu =1z, py = [|2€0a(0) + 40ac(0)||L,(P) = \/46§IP’[0 € A] + 16P[o € A°]

< 2e; 4+ 4y/Plo € A9 < 2¢; + 4\/Plo € A7) < 2¢; + 4v/c1epDey,

where A is defined in (17), the second last inequality utilizes the fact A C A, last inequality follows because
Plo € A°] < ciepDe? according to Lemma 8 (we only consider D > 2 here, but the proof for D = 2 follows
similarly).

Finally, the number of brackets to cover F is equal to the number of such balls B((b, g), ¢) that cover F.
Utilizing Lemma 7, the covering number for F is

(21)

2D
N (F,e) < (1 + 2?) . (22)

Recall the definition that the bracket number Np(e, F, Lo(P)) is the minimum number of e-brackets
needed to cover F, where an e-bracket in Lo(P) is a bracket [I,u] with [|u —I||.,p) < €. Thus, by choosing
€1 such that 2e; + 4v/c1ecpDey < € and plugging this €; into (22), we obtain the bracket number

m>w

€

Ny(e.F L) < (14 c



where ¢, is a universal constant. Now plug this into Lemma 3 gives

1
—FE sup sign(b0,)g o, / \/log 14+ ¢
v M b,geSP-1,blg ; ! !

D>2Dde§ vV Dlog (@)

We are now ready to prove Lemma 12.

Proof of Lemma 12. Since the product of compact spaces is compact, there exist b*,g* € SP~! for which
SD—I

the value supy, gesp-1 414 | Z;vil Sen(b"0;)g" 0;| is achieved. For vy,vs,--- ,var, v}, any points of , We
have
sup Z&gn b v,)g v,| - sup Z&gn b v;)g v, +sgn(bv),)g v}, (23)
b,geSP-1lblg =1 b,geSP-1blg £k
< Zsign(b* v;)g Z&gn b*"v;)g* v, + sign(b* v},)g* v, (24)
j Ji#k
< [sign(b*Tvg)g* vy, — sign(b* vl )g* vl | < 2, (25)

where the second inequality follows from the reverse triangle inequality. Applying Lemma 4 with ¢; = 2 and
using Lemma 13, we obtain

IP’[ sup Z&gnb 0;) g’ 0; >\Flog(\/cD7D> VMVM + €

bgesP~1blg T

2
< 2exp ( 42]6\/[> (26)

Finally, set € = tv/ M to get

M
]P’[ sup Z&gn b 0;)g"0;| = (1 +1)VDlog (\/CDD> \/M] < 2exp(—t?/2). (27)

b,gesP—1blg (75

O

4 Proof of Theorem 3

Algorithm 1 (DPCP-PSGD) Projected Sub-gradient Descent for Solving (1)

Input: data X e RDXL and initial step size fig;
Initialization: set by = arg ming || X Tbl|s, s.t. be SP~L;
1: for k=1,2,... do
2:  update the step size py according to a certain rule;
3: b, = bk 1 — kX&gn(XTbk 1) bk = PSD 1 (bk) = bk/kuH
4: end for

We first repeat Theorem 3 as follows.

Theorem 3 (Convergence guarantee for PSGD). Let {Bk} be the sequence generated by Algorithm 1 with
inatialization bo, whose principal angle 0y to ST is assumed to satisfy

0y < arctan (ch,min/ (\/ZiNnx + \/BMUO) ) (28)



Let p/ = L Assuming that Ncx min > \/ENHX +vVDMno, the angle 0, between Bk

4-max{Ncx min,MCcoO max} "
and St satisfies the following properties in accordance with various choices of step sizes.

(i) (constant step size) With py, = p < u', Vk >0, we have

max{6o, 6° . k< K°(p),
2R S RN (29)
where
KO(N) = tan(ao) (30)

I (ch,mm — max {1, tan(fy)} (VdNnx + \/EMUO))

and 6°(u) := arctan (\/gu’> .
(ii) (diminishing step size) With py < p/, e — 0, ey i = 00, we have 6, — 0.
(iii) (diminishing step size of O(1/k)) With po < i/, = 52,Vk > 1, we have tan(6;) = O(3).

i) (piecewise geometrica iminishing step size) With g < u' an
iv) (pi ise g trically diminishing step size) With po < i’ and

_ Ko, k< KOa
= {/‘L()ﬁL(kKO)/KJ+17 k 2 K()v (31)

where 8 < 1, |-] is the floor function, and Ky, K € N are chosen such that

Ko > K°(po), K> (\/56% (NCX,min — (VdNnx + \@Mno)))il, (32)

where K°(u) is defined in (30), we have

max{tan(fy), =2}, k < K,
tan(fy) < { b— K ﬁ;é‘ (33)
\%Toulgt( /Kl k> K.

The proof of Theorem 3 builds heavily on the following result.

Lemma 14 (Guarantee for the PSGD). Let {Ek} be the sequence generated by Algorithm 1 is with initial-
ization by whose principal angle to the normal subspace S* satisfies

NCX min
0y < arctan | ————~— | . 34
0 (NTIX + Mﬂo) (34)
and step size satisfying
1
<y .= Vk > 0. 35
P = 1= max{Ncx min, COmax} (35)
Given o
CX min Z 77.9(' + Nﬁ@) (36)

the angle 0y, of Bk to St satisfies the following properties.

(i) (decay of 6y when O_1 is relatively large compared with py) In the case

. /,(,kNCX min
. 7 37
sin(fx—1) > (1 — pMco max) .
we have
tan(0r_1) — tan(0y) > pr min{ Ncx min — (Nx + Mo ), Ncx min — tan(0x—1)(Nx + Mno)}.
(38)

10



(i) (upper bound for Oy when 0;_1 is relatively small compared with py) In the case

: ﬂkjvcﬁfnﬂn
Ok-1) < : 39
Sln( * 1) N (1 - :U/k:McO,max) ( )
we have
tan(0y) < py max{ cx max + (N1ix + Mijo) Cx max }
- (1 = Mo max) c08(0k—1) " (1 = s Mo, max) c08(0k—1) — s (Nijx + Mijo)

(40)

Before proving Lemma 14, let us first look at why it is possible that PSGD finds a normal vector. To
that end, recall that at the k-th step:

by = br_1 — pup X sign(XTby_1) = b1 — px(X sign(XTby_1) + Osign(OTby_1)). (41)
Let 6 be the principal angle of Ek to the orthogonal complement S*. Suppose 8,_1 > 0, i.e., Bk_l is not
a normal vector. We rewrite by, as by, = sin(6i)s, + cos(0y )i, where s € S, np L S, ||sill2 =1, ||nk]2 = 1.

Since 0 > 0, we have sign(XTb,_;) = sign(XTs,_;). Denote by

Xsign(XTgk_l) = Xsign(XTsy_1) = sp_18p_1 (X sign(XTsk_l)) + (Ps — si—154_1) (X sign(XTsy_1))

Pr—1

=X sk 1]18k—1 + Pr_1s

~ ~ A ~ ~ T ~
Osign(0'by,_1) = bk,lb;fflo sign(OTby_1) + (I - bkqbk,l) Osign(OThy, )

qi—1

= |O0Tby_1]|1br—1 + qj_1,

where p;,_; and g,_; are small in the sense that ||g,_1]| < 7o and ||p,_1]| < 7x. Plugging these quantities
into (41), we have

b = bi—1 — pu(X sign(XTby,_1) + Osign(O by _1))
= b1 — (| X k11851 + 1 + [0 br_allibr—r + g5 1)
= (1— || O b1 |l1)br—1 — k| X sp1ll18k—1 — e (Pr—1 + qpr_1) (42)
= (0= el O Bis 1) sin(@—1) = el AT 5111 ) i1+ (1= | OB 1) cos(Bh—1 )i
— pk(Pr—1 + Qp—1)-

First ignore the last term and assume that 65_; is not too small such that (1 — pk\|OTBk_1 Il1)sin(fg_1) >
prl|XTsg_1|l1. In this case, we know that the principal angle of

(= p OB 1) sin(B-1) = | X sl ) 31 = (1= OB 1) o8By

(—p [ ©Tbr—1l1) sin(Or—1) = | X 51111
(1—pr]|OTbr—_1]1) cos(0k—1)
challenge is that we only know their length is small and their direction can be pointed to any position. Thus,
when (1 — pg||OTbg_1]l1) sin(Ox—1) < pr||XTsk_1||1, it is difficult (or impossible) to show the decay of the

principal angle. For this case, we turn to show that the principal angle will not increase too much.

is arctan ( )7 which is small than 6;_;. Considering p;,_, and q;_;, the

11



Proof of Lemma 1. To begin, we first assume that

NCX min
tan(0y) < —=——"—=
nle) < 5 nx + Mno
holds for all £ > 0. As a consequence of (43), we have

(43)

1 1 Nnx + Mno

cos() = > —

v/1 + tan? (6k) 1 Ncx min \/> Ncx min

+ NT]x+M770) (44)
_ W (Nnx + Mijo) _ p/(Niix + Mijo)
\/iu/NCX,min h (1 - NIMCO,maX) ’

where the second inequality follows (36) that N7jx + M7jo < Nca min, and the last inequality utilizes (35)
that 1 — p/Mco max > % > 3 Nex min. With (43) and (44), we now prove the two main arguments in
Lemma 14.
Case (i):

We first consider the case where 6}, is large compared with gy

XTsy_
sin(@k,l) > Nk” k 1”1

. ) (45)
(1 = || OT b —11)
Tt follows from (42) that
[ Ps (bx) |2
tan(0,) =
O = P, )2

Ps (((1 = O Birl) sin(B-r) = puel| X sp1l1) 311 = (i + i) |

HPSL ( 1 — ]| OTbg_1[[1) cos(O—1)np—1 — p(Py_1 + Qs )H

_ 1) ,
(1= OB ) sin(Bh1) + e | X st + s [Ps (Prcs + a5
: (1= | OTbi 1) cos(B—

(1= || O by [|1) sin (6 1)

Lk HPSL (Pr_1+qx_1) H2
il X se_lly + o || Ps (Proy + @1 ],
(1 — || OTbg 1 |1) cos(Or—1

Mk HPSJ- (Pk:q +4q; 1)”2

(1= OBy ly) sin(B1)
(1 = pi[|OTbg—1]l1) cos(k—1)
Based on the term I';

(46)

)| X T sk_1ll1 + prl|Ps(Pr_1 + qp_1)ll2

prllPr—1 + @r_1ll2 + kel Ps(Pr—1 + qi—1)ll2
(1 ﬂk”oj’l;k—ll‘l)Sin(ek—l)_l‘kHXTsk il

(1—pr]|OTbr—11) cos(0—1)—
In particular, when I’y < 1, we have (utilizing the fact tha
and 0 < a <b)

, we further bound tan(fy) from above.
wiellPr—1+ar_1ll2
t ““" is an increasing function of x when = > 0

— 1— OT’B B in(0
tan(fy) < tan(fy) = ( ol k—1ll1) sin(fx—1

a+t+x
b+x

|| X T skl + prllpr 1 + dp1ll2
(1 — | |[OTbg 1 |1) cos(Or—1)

by plugging (|Ps(Pr_1 +qk_1)ll2 = |Pr_1 + qs_1]|2 into (46). When I'; > 1, we have (utilizing the fact that
is a decreasing function of  when z > 0 and a > b > 0)
~ 1-— OTh (0 XTsy_
tan(6y) < tan(Fy) = (1 — pk [ O~ b1 [1) sin(Ok—1) — pl| X~ k1112
(1 = iillOTby 1 [l1) cos(Or—1) — aallpi—1 + @12
by plugging ||Ps(pr_1 + ¢i_1)|l2 = 0 into (46). Combinging the above two cases together gives

Hk < max{gk, gk}

(47)
12



In what follows, we obtain upper bounds for both 6, and gk Towards that end, we first bound tan(@k)
from above as

(1= ]| O by _1]|1) sin(Br—1) — puxl| X si—1ll1 + piallPe_y + @i 1 12
(1= k| OTbg 1 [11) cos(Br—1)
el X skl = gkt + @il
(1= k]| OTby, 1 1) cos (B 1)
Neamin — (Nnjx + Mijo)
(1 — NkMCO,min) COS(ak_l)
Necx min — (Ntjx + M7jo)
cos(fx_1)
<tan(fr—1) — pr(Nex min — (Nx + M70)),

tan(fy) =

= tan(f_1)

< tan(fp—1) — fk

< tan(fr—1) — p

where the last inequality follows because 0 < 1 — pyco min < 1. Thus,
tan(fy_1) — tan(0x) > pr(Nex min — (N7ja + M7jo)). (48)
Similarly, tan(f)) can be bounded by

~ (1 — | O b1 [|1) sin(@r—1) — | X Tsi—1 ]

tan(fy) = =
(1 = pel|OTbg—1]l1) cos(O—1) — pellPr—1 + Gr_1ll2
_ puel| X s 1ll1 — pr tan (O 1) 1Py 1 + G 1 |2
=tan(fr_1) — =
(1 = px||OTbg—1([1) cos(O—1) — prxllPr—1 + @r—1ll2
XTsp_ 1|1 — s tan(fs—
< tan(fp_1) — pire || X7 se—1ll1 — p tan(Ox—1) |Pr—1 + qr—_1 |2

(1= ukllOTbr_1]|1) cos(Bk—1)
cx,min — tan(0y_1)(Nnx + M7o)
(1 = pMco min) cos(0k—1)
< tan(0r—1) — pr(Nex min — tan(Op—1)(Nnx + M1o)),

< tan(fk—1) —

where the forth line utilizes |XTsk_1]1 > cx min, ||(’)T3k,1||1 > comin, [Pe_1 + iille < |IPr_ill2 +
lgr_1ll2 < Nfjx + M7o, assumption (43) ensuring cx min — tan(dx—1)(N1x + M7jo) > 0, and (35) ensuring
1 — prMco max > 0. It follows that

tan(fx_1) — tan(0x) > pu(Nex min — tan(0x_1)(Nix + M7o)),
which together with (48) and (47) gives
tan(@k_l) — tan(@k) > Wk Inil’l{NCX7min — (N’IN]X + M’ﬁo), NCX,min — tan(ﬁk_l)(NﬁX 4+ Mﬁo)} (49)

This proves (38).

Case (ii): We now consider the other case where 6j_; is relatively small compared with py:

pue|| X T 811
(1 — pxl|OTby—1]1)

In this case, instead of showing that 6, < 6;_1, we turn to characterize the width of the vibration, i.e., 0 is
also small and if it increase, it will not increase too much. Towards that end, we first bound cos(f_1) as

(1 - ,ukMCO,max) COS(ek_l) = (1 - ,ukMCO,max) \/ 1-— Sinz(ak—l) Z \/(1 - ,UkMC(’),max)Q - (NkNCX,min)Q

> (= 1M ) — (0N e min)? > V(1 — 147 — (1/4)2 >

Sin(ek_1) < (50)

ol

(51)

13



We use a similar but lightly different approach as in (46) to bound 6y:

o sy [P (0 IO 0 oo s 40

[ Pse (b2 HPSL ((1 — 1| OTby 1 ||1) cos(Br—1) 41 — pur(p_1 + qu)) H2

(1 — px||OTby_1 1) sin(Br_1) — Mk||XTSk—1||1‘ + 1k || Ps (Pr—1 + @i-1) |
(1 — | O b1 1) cos(Ox—1) — pur |Pse (Pr—y + @r1) ||,

_ el X sl — (1 - ]| O by 1) sin(B—1) + o ||Ps (Pr—y + qu) |l
(1 — u|OTby_1 |11) cos(Ox—1) — pur ||Pse (P + @i1) ||,
il X skl + ok ||Ps (Proy + a1 ],

T (1= |0 by 1) cos(Or 1) — pur | Pss Py + 1)

< prNCex max + prl|Ps(Pr_1 + qr_1)ll2

(1 NkMCO,maX) cos(Or—1) — prl|Psr (Pr_1 + @r_1)|l2

peNca max + pkl|Ps(Pr_1 + qi_1)ll2
(1 = peMeo max) cos(Oh—1) — prllPe—1 + @r—1ll2 + 1l Ps(Pr—1 + qu_1)ll2’

Similar to the argument utilized in Case (i), and with the abuse of notations as in (47), we have

9k S max{?k, ak},

where
—- :ukNCX,maX"_;“k”pkfl +Qk71H2
tan(fy) =
(1 - /LkMC(’),max) Cos(ek—l)
MkNCX,max + ,U/k:(NﬁX + MﬁO) = 1 CX max + (NﬁX + MﬁO)
(1 — prMco max) cos(Or—1) (1 — Mo max) cos(0x—1)’
and
~ MkNCX max
tan(d) = ’
O8) = Mo mar) cos(On 1) — rlpes + drila

< MkNCX,min
~ (1 — ppMeo max) os(0k—1) — (N1 + M7o)

The above three equations indicate that

tan(6;) < max {uk cx,max + (N1x + Mno) HiCx, }  (52)

(1 = Mo max) c08(0k—1)" (1 = prMco max) cos(Or—1) — ur(Njx + Mijo)
The first term in the RHS of (52) can be further bounded by

m CX,max"’ (NﬁX'FMﬁO) _ &chx,max‘i',u/(NﬁX +M’7]O)
(1 — pMco max) cos(Op—1) 1 (1 — peMco max) cos(0r—1)
Mk p'cx max + ' Nex min < 1/4+1/4%:i@
T (L= peMcomax) cos(Be—1) —  V2/2 @ V2 u]
where the first inequality follows from (36) that N7jx + M7jo < cx min, and the second inequality we utilize

(35) and (1 — pxMeco max) cos(fr—1) > g from (51). Similarly, the second term in the RHS of (52) can be
bounded by

:U/kNCX,max _ @ ,u/cX,maX
(1 - ,LLk,MC(’),max) COS(Qk—l) - ,LL/MCO,max ,U/ (1 - /LkMC(’),max) COS(ek_l) - /L/Mco,max
1/4 1225 1 Mk

< = PR e
T2 qar 2V2-1)

14



where the first inequality follows utilizes (35) and (51). It follows from the above two equations that

CX max + (Nﬁx + MﬁO) HECX max }
tan(fy) < max : , ’ e~ ~
(0r) < {Mk (1 — Mo max) co8(0k—1) " (1 — M co,max) cos(Ok—1) — pi(Nnx + Mijo) (53)
< L
RVONT,

Proof of (43): The remaining part is to show that (43) holds for all £ > 0. We prove it by induction. Due
to (34), (43) holds for k = 0.

In what follows, we suppose that (43) holds for £ > 0 and prove that (43) holds for k + 1. Towards that
end, we first invoke (49) and (53) to obtain that either tan(fx1) < tan(fx) or tan(fg41) < %% In the
former case, we automatically have (43) for k 4 1 sincedy < 6.

We now consider the other case tan(fy41) < % "fjl , which along with (35) and (36) gives

A e 1 Nexmin
V2 1/ T V2  Nijx+ Mo’

Thus, (43) also holds for k£ + 1. By induction, we conclude that (43) holds for all k£ > 0. This completes the
proof of Lemma 14.

tan(fx41) <

O

In the following four subsections, we prove the four arguments in Theorem 3.

4.1 Proof of Theorem 3(i)

The argument about & < K¢ follows directly from Lemma 14 which implies that either 6, < 6,_1 or 6
satisfies (29).

We now trun to prove the argument about k > K°. First assume that 6x. > 0 and (37) holds for all
k< K° ie.,
plX skl o pNeamin

sin(@k_l > - >
: (1 — pl|OTb,_1]1) — (1= pMcomin)

, Vk < K°. (54)
It follows from (38) that
tan(fxo) < tan(fy) — K°u(Nex min — max{l,tan(0o)}(Nnx + M70)) <0,

which contradicts to the fact that Oxo > 0. Thus, we have either case (i): Oxo = 0 or case (ii) there exists
K; < K° such that
MNCX,min
(1 - /LCO,max) '
For case (i), due to Lemma 14 which implies that either 0 < 0;_; or (29) holds for all k¥ > K° + 1, by
induction we conclude that (29) holds for all k > K°.
In case (i1), invoking (40), we have

sin(fp, 1) < (55)

tan(@K ) < ‘umaX{NCX,max + (Nﬁx + Mﬁ@) NCX,max }
)= (1 — pMco max) €08(0k—1) " (1 — 1o max) cos(Ox—1) — p(N1jx + Mijo)
L op
< —==.
V2

Again Lemma 14 implies that either 0 < ;1 or (29) holds for all ¥ > K; + 1. By induction, we have that
(29) holds for all £ > K; and by assumtion that Ky < K°. This completes the proof.

15



4.2 Proof of Theorem 3(i)

We first show that for any K; > 1, there exists Ko > K such that (39) is true for k = Ky. We prove it by
contradiction. Suppose (37) holds for all ¥ > K, which implies that

tan(fi_1) — tan(0y) > pk(Nea min — max{1,tan(0o) }(Nx + Mno)) (56)

for all £ > K;. Repeating the above equation for all £ > K; and summing them up give

tan(0x, —1) > tan(fx, —1) — lim tan(f) > (Neamin — (N7ix + Mijo)) > s
k=K

where we utilize the fact that 0 € [0, T) for all £ > 0. The above equation implies that

o0
Zﬂk<007

k=K,

which contradicts to (31). Thus, there exists Ky > K such that (39) is true for k = K5. Now invoking (40),

we have
Ryl

V2 i

For the angle 0, k > K, invoking Lemma 14, we have

tan(fk,) < (57)

for all £ > Ks. Now letting K7 — oo, which implies that Ky — oo. Then, the above equation along with
(31) that lim; o p; = 0 gives that

k—o0

Sine 6 > 0, we finally obtain
lim Gk =0.
k—o0

4.3 Proof of Theorem 3(iii)

It follows from Lemma 14 that at the k-th iteration, we have either

. - - - - 1
tan(fy) < tan(fgx_1) — po Min{Ncx min — (Nx + M70), Ncx min — tan(0y_1)(Nx + M7jo)}—  (58)

k
or 1 1
Mk Ho
tan(0y) < —=— = —. 59
00 < 5t = (59)
We first assume that there exists
K* > ! = p
V24 (Nex min — (Nx + Mijo))
such that 1
Ho
tan 0 ) < . 60
) < (60)

16



In whoat follows, we first prove (59) holds for all £ > K* by induction. To that ends, suppose (59) holds

for some k > K*, which implies that tan(f) < % Then we know either (59) holds for k£ + 1 or
~ . 1
tan(fx41) < tan(0y) — po (Nex min — (Nx + M7o)) il
<0 L (Nex min — (Niix + Mijo))
- \/5// k ’ k+1
Ho 1 1 ~ ~ 1
< - min — N + M - T =,
S ap kel kg1t <6x, (Nijx + Mijo) kﬁ;ﬂ)
po 1
where the first inequlaity follows because of (58) and tan(fy) < \/5, and the last line utilizes the fact that
k>K*> L . Thus, (59) holds for all k¥ > K*.

= V2p/(Nex min = (Niix+Mio))
The rest of the proof is to show the existence of such K*. Denote by

1

Kqa =
? ’V\/é,ul (NCX,min -

(N7x + Mﬁo))-‘ .
By induction, we have
Ho }
Vep
for all k¥ < K3. Now suppose for all k£ > K3, (39) is not true, while implies that (58) must hold. Thus, we
have

tan(6y) < max{tan(6y),

k
. - - - - 1
tan(fy) < max{tan(6p), %} — pomin{Ncx min — (Nx + M70), Nex min — tan(0_1)(Nnx + M7jo)} < Z Z)

i=K°

< max{tan(6y), ——} — po min{Ncx min — (Nx + M7jo), Ncx min — tan(fx—1)(N1jx + M7jo)} log(k/K®)

f I

for all k > K3. The above equation implies that tan() < 0 for all K > K’ where

%
max{tan(QO),ﬂ?L/}
K' = Kaeto min{Nex min— (Nx TM10), Ncx min—tan(0_ 1) (Nnx +M1o)}

This contradicts to the assumption that (37) always holds. Therefore, there exists at least one K* € [K35, K|
such that (60) holds.
For k < K3, since tan(fy) is always bounded above by max{tan(fp), ﬁ‘;ﬁ} We have

Ho
tan(0y) < max{tan(6y), —— } K3
(0r) < max{tan(fy) \/iu’} 5%
for all k < K3. This together with the fact that (59) holds for all £ > K* completes the proof of Theo-

rem 3(ii1).

4.4 Proof of Theorem 3(iv)

As illustrated in Figure 1, our main idea is to bound the iterates in each piece or block with Theorem 3(7).
To that end, we first use Theorem 3(4) with p = pg to get

max{90 05}, k< K§
0. < ’ ’ 61
b= { 07 k > KOa ( )
where (9 )
tan 0
KS = - — — — — < K, 62
0 [Mo i {(Nexomm — (Nirx & Mrio), coemm — tan(80) (Nix & MWJ o (62

17



—
I upper bound for 6

o !

max{6, Vo } !

10° Yo A
y

V2u : ok
1 1 1
1 1 1
o YN A o A, . E w E E
_ \/ill’
102+ Lo ) o '
: T
1 i
1 |
-
1074 B 1 (=

1 1 1
K Ko+ K Ky+2K Ky+3K Ky+4K
iteration

Figure 1: Tllustration of (33) guaranteeing the convergence of the PSGD with piecewise exponentially di-
minishing step size. The red dotted line represents the upper bound in (33), while the green dashed line
indicates the choice of piecewise exponentially diminishing step size in (31).

and 1
Ho
tan(69) < —= . 63
an(63) < o (63)
Plugging (62) and (63) back to (61) gives
max{tan(6p), \%T(L,}, k < Ky
tan(ak) < Ko k> K
\/EM” = 0

At Kjy-th step, the step size becomes Sug. We can veiw it as initialized at BKO with 0k, satisfying the
above equation. Also, as guaranteed by (43), (34) holds for fk,. Thus, applying Theorem 3(7) with 8y = 0,
and p = ppf, we have

{maX{HKO,GY}, Ky <k<Ky+ KY,
O < o

63, k> Ko+ K3,
where
Ko = [ : _ tan(fx,) _ _ w (64)
poBmin {Ncx min — (Na + M10), cx min — tan(fr, ) (Nix + Mno)}
and
tan(6) < = H0F (65)
2 1
It follows from (61)-(63) that
tan(fk,) < %M—? <1, (66)
which plugged into (64) gives
[ tan(0g,)

K§ =

poBmin {Ncx min — (Nx + M7o), cx min — tan(fk, ) (Nijx + Mﬁo)}-‘

(=]

tan(@KO) “ <
poB (Nex min — (NTTx + M11o0)) | — | poB (Nea min

L[Sk

KofB
w
(N7 + M'ﬁo))—‘

1
< K.
\/iﬁ//&/ (NCX,min - (Nﬁx + Mﬁo))—‘ -

18



Plugging the above equation, (65) and (66) into (64) gives

Lo Ky<k<K+K,
tan(6y) {i/iulgﬁ Ok;7> P (67)
NN =0 :
We now complete the proof of (33) by induction. Suppose for some ¢ > 1, the following holds
J54B1, Ko+ (- 1)K <k < Ko+ (K,
tan(gk) { 1 #0 Bé k> Ko + (K. (68)

Similarly, at (Ko + £K)-th step, the step size changes to poB‘*. We veiw it as initialized at 8K0+€K
with 0,1 satisfying the above equation. Also, as guaranteed by (43), (34) holds for 8. Thus, applying
Theorem 3(i) with 0y = O, 1ok and p = B+, we have

0, < max{@KO, F+1} K0+£K<k<K0+€K+Ke+1,
i 041> k> Ko+ 0K+ K7y,

where

tan(@K gK)
Ki, = { ot

poB min {Nex min — (Nx + M1jo), Ncx min — tan(0x,+ex ) (N2 + Mﬁo)}—‘

and

tan(62,) < }’; B, (71)

Plugging Ox,+rx \%“—5 into (69), we have

tan(0K0+gK) “
poSHt min {Nex min — (Njax + M7jo), Nex min — tan(0k,+ex ) (Nix + M7jo)}

Kg—u =
_ 1 B

- tan(0k,+ex) w 5w
Lot (Nex min — (N1jx + M1jo)) B F Y (Nex min — (NTix + M1jo))

1 <K
V281t (Nexmin — (Nijx + Mijo)) | =

Plugging the above equation, (71) and Ok, +ox < 1 i 0 3¢ into (69) gives

-1 Ko+ (K <k< Ko+ (+1)K
tan(@k)g{\f“ﬁ 0 - o+ ) (72)

L po gt E>Ko+({+1)K

By induction, this completes the proof of (33) and hence Theorem 3(iv).

5 Additional Results

5.1 Theoretical Justification for Spectral Initialization

Random Initialization We first consider Bo drawn randomly from the unit sphere SP~!. For such
initialization, we analyze its principal angle to S* in expectation.

Lemma 15. Let BO be drawn randomly from the unit sphere SP~1. Then

d—1/2 . B(4 + 1, 254) d
— < = <
57— < E[sin(6p)] B(%, Q_d) S\p-12

where 0y is the principal angle of EO from St and B(-,-) is the beta function.

19



Proof of Lemma 15. Tt is equivalent to consider a random Gaussian vector by € R whose elements are
independently generated form a normal distribution. Because the Gaussian distribution is invariant under
the orthogonal group of transformations, without loss of generality, we suppose S = Span{ey, ..., eq} where
ei1,...,ep form a canonical basis of RP. Now the quantity sin?(6) is simply ||bo(1 : d)||?/||bo||> whose
distribution function is given by [6, Theorem 3.3.4]:

1 d_q D—d _q
9(2) = =527 (1—2)2 )
B(§, 254

where B(-,-) is the beta function. Hence, we compute the expectation of the quantity sin(fy)

25 y(R) (D
24y (B ()

Now plugging the bound /(D —1/2)/2 < % < 4/D/2 into the above equation gives
2

[d—1/2 , | d
5 < E[sin(6y)] < D1/

Lemma 15 generalizes the result in [7, Lemma 5] which analyzes the inner product between two random
vectors on the unit sphere. Lemma 15 indicates that when the subspace dimension d is small, then in
expectation a random initialization has a small principal angle from S*. However, if d is large (say d = D—1),
then it is very possible that a random vector is very close to S, irrespectively of the data matrix. This is
because generating a random vector does not utilize the data matrix X', although it is among the easiest
ones for initialization. Thus, it is possible to obtain a better initialization from more sophisticated methods
using X.

N[—=

. 1 ! a_ D_d_ B(4 +
E[sin(6p)] = B(dD_d)/o S1/2 4 1(1 —z) 2 T4z = B2(4
27 29

O

Spectral initialization Another commonly used strategy is to use a spectral method generating an ini-
tialization which has much better guaranteed performance than a random one [3]. For our problem, we use

the smallest eigenvector of XX T i.e., the classical PCA approach for finding a normal vector from the data
X.

Lemma 16. Consider a spectral initialization by by taking the smallest eigenvector of xxT. Then, 6y

(the principal angle of by from S*) satisfies sin(fp) < \/02(O) — 02,(0)/oa(X), where oy denotes the (-th
largest singular value.

Proof of Lemma 16. Note that for any b L S, |XTb|2 = |OTb||2 < 62(O). Thus, since by is the optimal
solution to arg minycgp—1 || XTb||2, we have

127 bo” < 07 (O).
On the other hand, we have
12" bo|* = 1|2 bo|* + [[OT b |* = sin®(8o)[| X " s0[|* + [OT b |* > sin®(6p)o3(X) + (),
where op(0O) =0 if M < D. Combing the above two equations gives

01(0) — 0H(0O)

sin2(90) < 03(){)
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5.2 Improved Analysis of Alternating Linerization and Projection Method

Note that the DPCP problem (1) involves a convex objective function and a nonconvex feasible region, which
although nonconvex, is easy to prject onto. This inspires us to exploit this structure by solving a sequence
of subproblems in which we first sovle a convex subproblem with a lineriazation of the nonconvex constraint
and then second project onto the sphere. Specifically, if we denote the constraint function associated with
(1) as g(b) := (b"b — 1)/2, then the first order Tayor approximation of g(b) at any w € SP~! is g(b) ~
g(w) + b"Vg(w) = b w. With an initial guess of by, we compute a sequence of iterates {by}r>1 via the
update [9]

b, = arg min | XTb|, s.t. bTby_y =1 and by = by/||bkl2, (73)

beRd

where the optimization subproblem can be written as a linear program (LP) rewritting the ¢; norm in an
equivalent linear form with auxiliary variables. An alternatively view of the constraint b"by_1 =11in (73)
is that it defines an affine hyperplane which excludes the original point 0 and has Bk,l as its normal vector.

The following result establishes conditions under which b; is orthogonal to the subspace S and contions
to guarantee the sequence {Bk} k>0 converges to a normal vector of S in a finite number of iterations.

Lemma 17. Consider the sequence {Bk}kzo generated by the recursion (73). Let ¢g be the principal angle
of by from §. Then,

(i) by is orthogonal to the subspace S if

Mco max
¢y > qi)h := arctan ( : — ; 74
0 NCX,min - Mno ( )
(ii) the sequence {Bk}kzo converges to a normal vector of S in a finite number of iterations if
\/N282X,min - Mzﬁ%.') - M(Co,max - CO,min)
¢o > ¢ := arccos (75)

NCX,max
where cx max = % maxpegnsp1 || XTH1.

First note that the expressions in (74) and (75) always define angles between 0 and 7/2 when the
condition (8) is satisfied. As illustrated in Figure 2, when the initialization is not very close to the subspace
S, Lemma 17 (4) indicats that one procedure of (73) gives a vector that is orthogonal S, i.e., finds a
hyperplance that contains all the inliers X'. Lemma 17 (i) suggests that the requirement on the principal
angle of the initialization Bg can be weaked if we are allowed to implement multiple alternating procedures
n (73). To see this, for well distributed points (both inliers and outliers), the angle ¢} defined in (75) tends
to zero as M, N go to infitiny with M /N constant; while tan(¢g) defined in (74) goes to Q(M/N). We
finally note that a similar condition to (75) is also given in [9, Theorem 12]. Compared with the condition
in [9, Theorem 12], (75) defines a slightly smaller angle ¢ and again more importantly, the quantities in (8)
is slightly tighter and amenable to probabilistic analysis.

Proof of Lemma 17. We individually prove the two arguments in Lemma 17.

Proof of part (i): For the initialization 507 we first rewrite it by 50 = cos(¢p)so+sin(¢o)ng, where sg € S,
ng L S, ||s]lz2 =1,||n|l2 =1 and ¢y € [0,7/2] is the principal angle of s( to the subspace S. For any variable
b in (73) that is not required on the unit sphere , we decompose it by b = as + fn, where s € S, n L S,
Is]l2 =1,|n|]l2 =1, @« > 0 and S > 0. Now we rewrite the the ¢; minimization in (73) as

min_fi(a, 8,5,m) = | X" (as + fn)||,

a,B,8,mn (76)
s.t. acos(¢g)stsy+ Bsin(¢pg)nTng = 1.
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Figure 2: llustration of Lemma 17 (¢). Here S = Span(e;), ez is a normal vector and 30 is the initialization
for the proceduere (73), where the minimization is equivalent to first projecting the circle onto the tangent
line passing through b and then finding the smallest re-scaled objective value on this line. .

Note that _
|XT (as + pn)|l = | X as| + O (as + n)|:. (77)
To show that (76) achieves its global minimum only at & = 0 (i.e., b is a normal vector of S), we first
separate a and 3 in [|OT (s + Bn)||; with a surrogate function which is not greater than ||OT (as + pn)|;.
Specifically, we have
10T (as + pn)|L = 8O 0|l — ano, (78)

(673

where b = cos(¢)s +sin(¢)n is the projection of b onto the sphere SP~1 i.e., ¢ = arccos (JW) Before

proving (78), we note that by triangle inequality of the norm, a simple version of (78) is
|0 (as + pn)ls > BIO |1 — a|OT 5|1 (79)

However, (79) is too strong in that when we plug (79) into (77), we arrive at || X T (as+ 8n)|; > a(||[XTs||; —
|OTs|1) + [|OT(as + Bn)||1, which is useful only when ||XTs|; — |OTs];.

On the other hand, intuitively, when M — oo, ||OT(as + Bn)||1 — cpy/a2 + 32 and B||OTn|; — cpf,
which means that [|OT(as+ fn)||1 > B||OT|1 is expected. We now turn to prove (78). To that end, define

x(a) = |0 (as + pn)|1 = B|OTn|1 + M. (80)

In what follows, we show x(«) is an increasing function since together with the fact x(0) = 0, it is a sufficient
condition for (78). Towards that end, we first compute the subdifferential of x(«) as

M M
dx(e) = > Sgn(o] (as + fn))o's + Mijo = Y _ Sgn(o; b)o} s + Mijo. (81)
=1 =1

Now for any a € Ox(a), we can write it as a = Zf\il sgn(oiTg)oiTs + M7 o. It follows that

M

a= Z sgn(oiTg)oiTs + M7
i=1

M
= Z sgn(oZ-TB)o;r (cos(0)(cos(#)s + sin(@)n) — sin(0)(—sin(d)s + cos(0)n)) + M7
i=1

M
cos(0)| 0Ty —sin(8) > sgn(o{ b)o} & + M
=1
M A~
> — Z sgn(o; b)o; & + Mo >0

i=1
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where &5 = (—sin(f)s +cos(f)n) and the last inequality follows by the definition of 7j¢, in (7) (with replacing
b by 5) Thus, we have a > 0 for any a € dx(a) and therefore (78) follows.
Now plugging (78) into (77), we have

1XT (s + fn)ll = [XTas|i + O (as + Bn)|h = al| X s|l + BlO |l - aM7e
=a (|xTs] - M7o) + BllOTnl|s,

where the inequality achieves the equality when o = 0. Recalling the assumption that || XTs||; — M7jo > 0,
we now consider the following problem

argisnn f2(0é,ﬂ, s, n) = (”XTSHl - Mﬁ(’)) + ﬂHoTth (82)
s.t. acos(gg)stsg+ Bsin(go)n ng = 1.

Recall that fa(a, f,s,n) < fi(a,B,8,n) and fao(e, B,8,n) = fi(a, 5,8,m) when o = 0. Thus, if we show
that the optimal solution for (82) is obtained only when « = 0, we conclude that the optimal solution for
(76) is also obtained only when o« = 0. The remaining part is to consider the global solution of (82).

Suppose that (a*, 8*, s*,n*) is an optimal solution of (82) with a* > 0. Noting that the l;-norm is
absolutely scalable, it is clear that soTs* > (0 and nOTn* > 0. To obtain the contradiction, we construct
o = 0,8 = s, 8n = f*n* + yng where v is determined such that p’ = 3'n’ satisfies the condition
i)\gp’ =1,1ie.,

sin(go) B g n* + sin(¢o)y = 1,

which implies that
1

sin(¢o)

Since (a*, 8*, s*,m*) is an optimal solution of (82), it also satisfies the constraint

v = — B*ngn*.

o cos(¢o)sa 8* + f*sin(po)ngn* =1,

which together with the above equation gives

Now we have
fala®, B, 8%, n*) — fa(o/, B, 8", n') := o (|| X" s* |1 — MTjp) + 5*[| 0T n* ||, — [|OT(8'n") |
= o (|X" %[y — M7jp) + B0 n* ||y — [|OT(B*n* + ymo) |y
> a* (|&Ts"[|y — M7jp) + 8|0 n* |1 — B0 n* ||y — [0 nollx

* * — 1 * *
=a* (| X7 s - M7o) — tan() 508" O noly
* * ey 1
> o (1275 = Mio — 0" nal,
1
> o <N6x,min — Mo — tan(¢0>MCOJnaX) >0,

where the last inequality follows because (74) that

MCO max
¢o > arctan ( : — .
NCX,min - Mn(:)

This contradicts to the assumption that (o*, 8*, s*,n*) is an optimal solution of (82) and thus we conclude
that the optimal solution for (82) is obtained only when o = 0.
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Proof of part (ii): Due to the constraint b; by_; = 1, we have ||bg|2 > 1. It follows that

< g(br) < glby) < g(br_y) < -+ < g(bo). (83)

Invoke [9, Proposition 16] which states that the sequence {by} converges to a critical point b* of problem (1).
For the sake of contradiction, suppose that b* £ S, i.e., its principal angle ¢* < 5. Utilizing (83), we have

g(b%) = | XTb* |1 + |OTb* |1 < g(bo) = | X bo]l1 + [ OTbo| 1.

Plugging the inequalities || XTd*||; > N cos(¢*)cx min, |OT0*|1 > Mco min, HXTBOHl < cos(¢o) Nea max
and [|[OTby|l1 < Mco max into the above equation gives

COS(¢0)NCX,maX + M(C(’),max - Co,min)
NCX,min .

cos(¢*) <

On the other hand, since b* is a critical point of (1), it follows from the first order optimality (see Lemma 1)
that M7
. o
* < Y
Sln(¢ ) o NCX,min

Combining the above equation together gives

(COS(¢O)NCX,maX + M(Co,max - Co,min))2 + M2ﬁ%’)
NCX,min

1= cos2(¢*) + sin2(¢*) < \/

)

which contradicts (75).
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Figure 3: Convergence of the PSGD with piecewise exponentionally diminishing step size with Ky = 30, K =

4, 8= %, and po determined by line search method. Here v = ML_‘_N denotes the outlier ratio.
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Figure 4: Each column corresponds to a frame. Each image in the first row contains four stacked images:
the actual image (top) and the 3D points superimposed on the image that are detected as inliers by DPCP-
PSGD (second), by RANSAC using as budget the running time of DPCP-PSGD (third), and by RANSAC
using as budget 10 times the running time of DPCP-PSGD (RANSACx10, fourth). In row 2 we depict the
ground truth point clouds, with inliers in blue (points on the road plane) and outliers in red (points off the
road plane). There are about 100,000 points in each cloud with approximately 46% of them outliers. Rows
three, four and five depict the inliers detected by DPCP-PSGD, RANSAC and RANSACx10 respectively,

along with the corresponding true-positive and false-positive ratios.
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6 Additional Experiments

6.1 Experiments on Synthetical Data for PSGD (Supplementary)

We use synthetic experiments under different settings to further verify the proposed PSGD algorithm with
piecewise exponentionally diminishing step sizes. We randomly sample a subspace S of dimension d < D —1,
and uniformly at random sample N inliers and M outliers with unit ¢;-norm. Denote by v = % the
outlier ratio. We set Ky = 30 and K = 4 for piecewise exponentionally diminishing step sizes (as in (32))
with initial step size obtained by one iteration of a backtracking line search. We define 30 to be the bottom
eigenvector of X XT. Figure 3 displays the convergence of 6 (to 0) with different d, D, N and outlier ratio
v. In particular, Figure 3a shows the convergence of § with D = 30, N = 500,y = 0.7 and different subspace
dimension d. We obsrve R-linear convergence in this case, irrespectively the subspace dimension d. Figure 3d
displays similar results but with larger D and N. In Figure 3b, we set D = 30,d = 29, N = 500 and vary
the outlier ratio v from 0.1 to 0.9. We observe R-linear convergence expept for the case v = 0.9, in which
we have much more outliers than inliers. Interestly, as shown in Figure 3e, when we increase to N = 1500
and keep the other parameters the same as in Figure 3b, the PSGD algorithm has R-linear convergence even
for v = 0.9. The coincides the fact that the larger N, the more likely the condition (36) is satisfied. Finally
we display experiments with varied N in Figure 3c and Figure 3f. We also observe R-linear convergence for
PSGD with piecewise exponentionally diminishing step sizes given sufficient number of inliers.

6.2 Experiments on Real 3D Point Cloud Road Data (Supplementary)

Here we provide Figure 4, which contains the same results as in the paper except that we include the
performance of RANSAC with budget 10 times the running time of DPCP-PSGD. The video on road
detection can be found in the link http://nips1105.com/11_0.003.mp4 (where the thresholding parameter is
0.003) and http://nips1105.com/11-0.005.mp4 (where the thresholding parameter is 0.005).
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